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1 Introduction 



Noncommutative geometry [1] has started to play an important role in different 
fields of mathematical physics over the past decade. The basic structure giving 
a direction to the noncommutative geometry is a differential calculus on an as- 
sociative algebra. The noncommutative differential geometry of quantum groups 
was introduced by Woronowicz [2,3]. In this approach the differential calculus on 
the group is deduced from the properties of the group and it involves functions on 
the group, differentials, differential forms and derivatives. The other approach, 
initiated by Wess and Zumino [4] , followed Manin's emphasis [5] on the quantum 
spaces as the primary objects. Differential forms are defined in terms of non- 
commuting coordinates, and the differential and algebraic properties of quantum 
groups acting on these spaces arc obtained from the properties of the spaces. The 
natural extension of their scheme to superspace [6] was introduced by Soni in [7] 
and Chung in [8] . The noncommutative geometry of the quantum superplane was 
given in [9]. 

The differential calculus on the quantum superplane similarly involves func- 
tions on the superplane, differentials, differential forms and derivatives. The exte- 
rior derivative is a linear operator d acting on fc-forms and producing (A;-|-l)-forms, 
such that for scalar functions (0-forms) / and g we have 

d(l) = 0, 

d(/^) = (d/)^+(-l)'^^^(^)/(d^) (1) 

where deg{f) — for even variables and deg{f) — 1 for odd variables, and for a 
fc-form ui and any form uj2 

d(a;iAa;2) = {dui) A uj2 + {-!)'' uJi A {du2) . (2) 

A fundamental property of the exterior derivative d is 

dd=:d2 = 0. (3) 

There is a relationship between the exterior derivative and the Lie derivative. 
To describe the relation between exterior derivative and the Lie derivative, we 
introduce a new operator: the inner derivation. Hence the differential calculus on 
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the quantum superplane can be extended into a large calculus. We call this new 
calculus the Cartan calculus. The connection of the inner derivation denoted by 
ia and the Lie derivative denoted by is given by the Cartan formula: 

Ca = d O ia + ia O d. (4) 

This and other formulae are explaned in [10-12]. Here we do not give any details. 
In the related section we shall give a brief overview without much discussion. 

The extended calculus on the quantum plane was introduced in [13] using the 
approach of [10]. In this work we explicitly set up the Cartan calculi on the 
quantum superplane. In section 2 and 3 we give some information on the Hopf 
algebra structures of the quantum superplane and its differential calculus which 
we shall use in order to establish our notions. The differential structures of Type 
II and III which appeared in subsection 3.1 exist in Ref. 8, but here they are 
repeated because we need them. In section 4 we present the commutation rules 
of the inner derivations and the Lie derivatives with functions on the quantum 
superplane, differentials and partial differentials. 
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2 Review of Hopf algebra A 



Elementary properties of the quantum superplane are described in Ref. 9. We 
state briefly the properties we are going to need in this work. 

2.1 The algebra of functions on the quantum superplane 

Let us begin with the definition of the coordinate ring of the quantum superplane 
TZg^^. It is well known that the quantum superplane [6] is defined as an associative 
algebra generated by two noncommuting coordinates x and 9 with the relations 

x9 = qOx, 

0' = 0, (5) 

where q is a. nonzero complex deformation parameter. The algebra of q polyno- 
mials will be called the algebra of functions on the the quantum superplane and 
will be denoted by —'■ ^("^5'^)- Iii the limit q — 1, this algebra is commu- 
tative and can be considered as the algebra of polynomials TV-^^ over the usual 
superplane, where x and 9 are the two coordinate functions. 

Let ^0 — ^("^5'^) be a free unital associative algebra generated by even coor- 
dinate X and odd coordinate 9 obeying relations (5). We extend the algebra ^0 
by including the inverse of x which satisfies 

xx~^ — 1 — x~^ X 

and we denote it by A. We know that the algebra ^ is a graded Hopf algebra 
with the following costructures [9]. 

2.2 Hopf algebra structure on A 

The definitions of a coproduct, a counit and a coinverse on the algebra A are as 
follows: 

(1) the coproduct : A — > ^ ^ is an algebra homomorphism and is 
defined by 

Aj^(x) = X0X, 

A^(6') ^ 9(^x + x(»9. (6) 
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(2) The counit e^i is an algebra homomorphism from A to the complex numbers 
C and is given by 

€a{x) = 1, 

UO) = 0. (7) 

(3) The antipode 5'^ : A — > A is an algebra antihomomorphism and is given 

by 

s^{e) = -x-^ex-\ (8) 

These comaps satisfy the Hopf algebra axioms: 

(A^®id)oA^ = (id®A^)oA^, 
rriA o (sa <8) id) o A^ = o (id (g) e^) o A^, (9) 
niA o {Sa ® id) o A^ = = o (id 5"^) o A^. 

where id denotes the identity map on A and ttia stands for the algebra product 
AiSi A — A. The multiplication in A<Si Ais defined with the rule 

{A (^B){C(^D) = {-lY^9{B) deg{C) ^^^^ ^ _ ^^q^ 

3 Differential calculi on the quantum superplane 

In this section, we shall build up the noncommutative differential calculi on the 
quantum superplane with help of the covariance point of view, using the Hopf 
algebra structure of the quantum superplane [14]. 

3.1 Differential algebra 

It is well known that in classical differential calculus, functions commute with 
differentials. From algebraic point of view, the space of l-forms is a free bimodule 
over the algebra of smooth functions generated by the first order differentials and 
the commutativity shows how its left and right structures are related to each 
other. 
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In order to establish a noncommutative differential calculus on the quantum 
superplane, we assume that the commutation relations between the coordinates 
and their differentials are of the following form: 

xdx = Qdxx, 

xd9 = QiidO X + Qi2dx6, 

edx ^ Q2idx9 + Q22dex, (11) 

ed9 = dee. 

The coefficients Q and Qij (1 < i,j < 2) will be determined using the covariance 
of the noncommutative differential calculus. We also have assumed that 

dxAde = Q'deAdx, dx A dx = 0, (12) 

where Q' is a parameter that will be described later. 

Wc shall denote the algebra generated with relations (11) by and the algebra 
generated with relations (12) by O^. 

3.2 Covariance 

We first note that consistency of a differential calculus with commutation relations 
(5) means that the differential algebra is a graded associative algebra generated 
by the elements of the set {x, ^, dx, d^}. Let Q be a free left module over the 
algebra A generated by the elements of this set. So the Q has to be generated by 
Q° U U Q^, where is isomorphic to A. One says that (fi, d) is a first-order 
differential calculus over the Hopf algebra {A,A.^,e_A,Sj{). We begin with the 
definitions of a left- and right-covariant bimodule. 

(1) Let Q be a bimodule over A and : Q — > Ahe a, linear homomor- 
phism. We say that {Q, A^) is a right-covariant bimodule if 

A\ap + p'a') = A^(a) A«(p) + A«(p') A^(a') (13) 

for all a, a' & A and p, p' e and 

(A^ ® id) o A^ = (id ® A^) o A^, 

(id(^e)oA^ = id. (14) 



6 



The action of on the first order differentials is 

A'^(da;) = dz (g) x, 

A^(d^) = de®x + dx®9 (15) 

since 

A^(da) = (d®id)A^(a), Va e A (16) 
We now apply the hnear map A^ to relations (11): 

A^(xdx) = A^(a;)A^(da;) = QA^(dxx), 

A^(xd^) = A^{Qudex + Qi2dxe) + {qQ-Qn-qQu)dxx0ex, 
A«(^dx) = A'^{Q2idxe + Q22dex)-{q-^Q + Q2i + q-^Q22)dxx^xe, 
A^{9de) = A^{d9e) + {q-^Qu + Q22-l)dex(^xe 

+(Qi2 + qC2i + i)dx e (8) ex. (17) 

So we must have 

Qu + qQ\2 = qQ, Qi\ + qQ22 = 

Qi2 + qQ2i = -1, ?Q2i + C22--g. (18) 

(2) Let r2 be a bimodule over A and A^ : Vt — > A®VLheB, linear homomor- 
phism. We say that (O, A^) is a left-covariant bimodule if 

A\ap + p'a') = A^(a)A^(p)+A^(p')A^(a') (19) 

for all a, a' & A and p, p' e f2, and 

(A^(8)id)oA^ = (id«)A^)oA^, 

(e®id)oA^ = id. (20) 

Since 

A^(da) = (r (g)d)A^(a), Va e ^ (21) 
the action of A^ on the first order differentials gives rise to the relations 
A^(da:) = x®dx, 

A^{de) = x®de-e(^dx. (22) 



Here r : Q — Q is the linear map of degree zero which gives T(a) = {—l)^^^"'^ a. 
If we apply A-^ to relations (11), we don't have any new relations between Q's. 
Consequently, we may have three distinct solutions: 
Type I: includes one deformation parameter 



Qi2 = 0, Q: 



Q 


= 1 


Qu 


= Q 


Q21 


= -q 


Q' 


= Q 
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Type II: includes two parameters 

' Qn = 

Q22 = 0, Q^r ^ I 

V21 — 

I Q' = 

Type III: includes two parameters 



(23) 



Q 

r-1 
—q~^ r 



(24) 



Q12 = 0, Q 





= pq 


Q21 


= -q-' 


' Q22 


= 1 — p 


[ Q' 


= pq 



(25) 



Hence we see that solution of the form Type I is a special case of solution of the 
form Type II for r = 1 or Type III for p = 1. Therefore it may be omitted. 
However the Type I solution, as we will see in section 4, gives rise to interesting 
and important results. Therefore it is convenient it as a special type. 

Note that it can be checked that the identities (14), (20) and also the following 
identities are satisfied: 

A^(da), 

A^(da), (26) 
(id ® A^) o A^. 

Note that the Type I has a special importance. We will see in section 4, 
that in this case the extended calculus on the quantum superplane has linear 
commutation relations, for example, the commutation rules of the Lie derivatives 
with functions do not contain the inner derivations. 

We call the ^0 = A(7^^l^)-bimodule generated by dx, d^ with relations (11) a 
cotangent bimodule and denote it by Q(T*TZg''^). Further work on this and on the 
tangent bimodule is in progress. 



(id0d)A^(a) = 
(d id) A^(a) = 
(A^(8)id)oA^ = 
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3.3 Cartan-Maurer one-forms on A 

In analogy with the left-invariant one-forms on a Lie group in classical differential 
geometry, one can construct two one-forms using the generators of A as follows 

[9]: 

cue = d9x-^ -dxx-^9x-\ (27) 
The commutation relations between the generators of A and one-forms are 

XUx = QoOxX, 

xioe = Qiiuex, 

duj^ = -Qu^6 + Q22(^ex, (28) 
6 cue = QiiujeO. 

The commutation rules of the one-forms uj^ and ujq are 

bj^Nuj^ = 0. (29) 

We denote the algebra of the forms generated by the two elements and ujq 
by W. We make the algebra W into a graded Hopf algebra with the following 
co-structures [9]: the coproduct Aw : W — > W ® W is defined by 

Aw(ti^a;) = Wa; (8) 1 -M (g) a;a;, 

Aw(<^6i) = uje®\^\®ojQ. (30) 
The counit eyy : W — > C is given by 

ewi^^x) = 0, 

eM^e) = (31) 
and the coinverse Syv : W — W is defined by 

Sy^{uje) = -uje- (32) 
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3.4 The algebra of Partial derivatives 

In this section, we introduce commutation relations between the coordinates of 
the quantum superplane and their partial derivatives. Later, we illustrate the 
connection between the relations in subsection 3.5. 

To proceed, let us obtain the relations of the coordinates with their partial 
derivatives. We know that the exterior differential d can be expressed in the form 

d/ = {dxd, + dede)f. (33) 

Then, for example, 

d{xf) = dxf + xdf 

= [dx(l + Qxd, + Qued0) + Qndedg]f 
— {dx dxX + d9 dex) f 

so that, after some calculations 

d^x = 1 + Qxdx + Qi2 9dg, 

dxO = —Q2iddx, 

dgx = Quxde, (34) 

dg9 = 1 - 9dg - Q22xdx. 

We shall denote the ^-module generated by the partial derivatives dx and dg 
with relations (34) by T>^. This space T>^ is the bimodule of first order partial 
differential operators. 

The commutation relations between derivatives are 

dxde = Q'dgdx, 

dl = 0. (35) 

The relations between partial derivatives and differentials are found as 

dxdx = Q-Uxdx-{l + Q'-^Q2l)dede, 

dxde = Q^^dOdx, 

dedx — Q2idxdo, (36) 

dede = dede + il-Q'Q^l)dxdx. 
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The relations between partial derivatives and the exterior derivative, which 
guarantee the consistence with the basic requirement for the nilpotency of d, are 

ded = -Q-'dde. (37) 
3.5 Quantum Lie superalgebra 

The commutation relations of Cartan-Maurer forms allow us to construct the 
algebra of the generators. In order to obtain the quantum Lie superalgebra of the 
algebra generators we first write the Cartan-Maurer forms as 

da; = ujx X, 

de = uj + ojex. (38) 

The differential d can then the expressed in the form 

d^u^H + UJ0W. (39) 

Here H and V are the quantum Lie superalgebra generators (vector fields). We 
now shall obtain the commutation relations of these generators. Considering an 
arbitrary function / of the coordinates of the quantum superplane and using that 
d^ = and 

dcox = 0, 

due = 0, (40) 
one has the following commutation relations for the quantum Lie superalgebra: 
HV = VH, 

= 0. (41) 

The commutation relation (41) of the algebra generators should be consistent 
with monomials of the coordinates of the quantum superplane. To do this, we 
evaluate the commutation relations between the generators of algebra and the 
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coordinates. The commuation relations of the generators with the coordinates 
can be extracted from the graded Leibniz rule: 

d{xf) = (da:)/ + x(d/) 

= ujx{x + Q X H)f + ujg{xV)f 

= {UJ^H + UJg'V)xf 



and 



d{ef) = {de)f + e{df) 

= uj,(e + QeH)f + u;g(x-QneV-Q22xH)f 
= {iOxH + ujg V)yf. 

This yields 

Hx = x + QxH, 

He = e + Q9H, 

Vx = QnxV, (42) 
= x-QnOW -Q22XH. 

We know, from subsection 3.4, that the exterior differential d can be expressed in 
the form (33), which we repeat here, 

df = {dxd, + d9de)f. 

Considering (39) together (33) and using (27) one has 

H = xdx + 9dg, 

V = xde. (43) 

Note that, using the relations (34) and (35) one can check that the relation of 
the generators in (43) coincide with (41). It can also be verified that, the action 
of the generators in (43) on the coordinates coincide with (42). Of course, these 
relations can also be found using the dual pairing. This case will be considered in 
the end of this section. 
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The commutation relations of the vector fields H and V with the differentials 
are following 

H dx = dxH, 

Hde = dOH, 

Vdx = QQ^ldxV, (44) 

Vd^ = QndeV + Qi2dxH. 

Here we used that 

Q22-QnQ2i-QiiQ'~^ = 0, Qi2 + Q2i{Qn-Q')^o, 
QiQii - Q') - Q11Q12 = 0, (45) 
Qi2{i + Q'Q2i) = 0, Q22{Qu-Q') = o. 

Using relations (44) together with (42) we obtain the commutation rules of 
the vector fields with one-forms as follows 

H(jj0 = -Q~^ uj0 + uj0 H, 

Vo;^ = -ou^W, (46) 
or taking 

T = 1 + {Q-1)H (47) 
one has 

Tuje = Q-^ooeT, 

Vlu^ = -u;,V, (48) 
V LOff = uqV + T. 

Here we used that 

Q12 - Q22 = g - 1. (49) 
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Similarly, we can find the commutation relations between the vector fields and 
the partial derivatives as 

d^H = d^ + QHd^, 

deH = de + QHdg, 

= de + QQ'Vd,, (50) 

deV ^ -Vdg. 

We here again used that 

Qi2-Q'Q2i = 1, Qii-g'(Q + Q22) = o. (51) 

We know that the difi^erential operator d satisfies the graded Leibniz rule. 
Therefore, the generators H and V are endowed with a natural coproduct. To 
find them, we need to the following commutation relation 



I - O"" 

Hx"^ = 1 >, + Q"" H (52) 

where use was made of the first relation of (42). The relation (52) is understood 
as an operator equation. This implies that when H acts on arbitrary monomials 

Hix'^e) = ^——{x'^e) + Q"'+^{x"'9)H (53) 

1 

from which we obtain 
1-0^ 

where A'" is a number operator acting on a monomial as 

Nix'^e) = {m + l)x"'e. (55) 
We also have 

Vix'^e) = Q'([x'^+' -QTi^'{x"'e)V -QuQ22x'"+'H. (56) 

So, applying the graded Leibniz rule to the product of functions / and g, we 
write 

d{fg) = [{u,H + ueV)f]g + f{io,H + iOeV)g (57) 
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with help of (39). Prom the commutation relations of the Cartan-Maurer forms 
with the coordinates of the quantum superplane, we can compute the correspond- 
ing relations of cu^ and u>0 with functions of the coordinates. Prom (28) we have 

{x'^e)uje = QTi^'ueix'^e). (58) 

Inserting (58) in (57) and equating coefficients of the Cartan-Maurer forms, 
we get, for example, 

Hifg) = {Hf)g+il + {Q-l)H) f{Hg). (59) 

Consequently, we have the coproducts for Type II 

A{H) = H^l + {l + {r-l)H)®H 

A(V) = V ® 1 + (1 + (r - 1) /f)'*'/''^ ® V, (60) 

where 

hi — Inr, h2 = lnq, (61) 
or with (54) 

A(A^) - 7V®l + l®iV 

A(V) = V® 1 + ^^(8 V. (62) 
The counit and coinverse may be calculated by using the axioms of Hopf algebra: 

m(e (g) id)A(M) = u = m{id ^ e) A{u) , 

m{id®S)A{u) = €{u) = m{S ® id) A{u). (63) 

So we have 

e{N) = 0, 
e(V) = 0, 

S{N) = -N, (64) 
S{V) = -g^V. 

The dual of A, denoted by U is generated by the elements H and V obeying 
relations (41). Multiplication and comultiplication in U can be obtained from 
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the corresponding ones in its dual A, but in above we get the relevant formulae 
without using its duality with A. We now call < U,a > the evaluation of ?7 on a 
where U eU and a E A. Using 

<UiU2,a> = <Ui^U2,A_A{a) >, 

<U,aia2> = < Aw([/),oi (g) 02 > (65) 

and 

< U, 1a >= eu{U), < lu, a >= e^(a) (66) 

we then can compute all possible pairings from those between the generators H, 
V and X, 9. They are given by for Type II 

To obtain the (left) action of the elements of U on the elements of A, we now may 
use the following properties [15]: 

U[a] = a(i) < U,a(2) >, 
U[af] = moAu{U)[a®f] (68) 

where A_4(a) = X)'^(i) ® ^^(2) is the coproduct of a. For example, one has 

T[xf] = moAuiT)[x<^f] 
= m{T^T)[x^f] 

= T[x]T[f] 

= rxT[f], (69) 

so that 

Tx = rxT. (70) 
Similarly, we find 

T9 = rOT, 

Vx = qxW, (71) 
Ve = x-qOV. 
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4 Extended calculus on the quantum superplane 



A Lie derivative is a derivation on the algebra of tensor fields over a manifold. 
The Lie derivative should be defined three ways: on scalar functions, vector fields 
and tensors. 

The Lie derivative can also be defined on differential forms. In this case, 
it is closely related to the exterior derivative. The exterior derivative and the 
Lie derivative are set to cover the idea of a derivative in different ways. These 
differences can be hasped together by introducing the idea of an antiderivation 
which is called an inner derivation. 

4.1 Inner derivations 

Let us begin with some information about the inner derivations. Generally, for 
a smooth vector field X on a manifold the inner derivation, denoted by ix, is 
a linear operator which maps fc-forms to {k — l)-forms. If we define the inner 
derivation ix on the set of all differential forms on a manifold, we know that ix 
is an antiderivation of degree —1: 

ixiaAP) = {ixa)AP a A{ixf3) (72) 

where a and (3 are both differential forms. The inner derivation ix acts on 0- and 
1-forms as follows: 

ixif) = 0, 

ixidf) = X{f). (73) 

We now wish to find the commutation relations between the coordinates x, 9 
and the inner derivations associated with them. In order to obtain the commu- 
tation rules of the coordinates with inner derivations, we shall assume that they 
are of the following form 

i^x = Aixix + A2Oi0, 

icO = A^e + Aixie, 

iex = A^xi0 + AqOi:,, (74) 

ieO = A-jO ie + A^xi^. 
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The coefficients Ak {1 < k < 8) will be determined in terms of the deformation 
parameters in relations (11). But the use of the relations (5) does not give rise any 
solution in terms of the parameters Q and Qij (1 < i,j < 2) in (11). Howover, 
we have, at least, the system 

A^iA, - qA^) = 0, ^4(^3 + qAr) = 0, A^As = 0, 

As{A5 - qAi) = 0, AsiqAi + Aj) = 0, A^As = 0. (75) 

To find the coefficients, we need the commutation relations of the inner derivations 
with the differentials of x and 9. Since 

ixAdXj)^S,j (76) 

we can assume that the relations between the differentials and the inner derivations 
are of the following form 

ixdx — 1 + aidx ix + a2d9 ie, 

ixdO — a^dO ix + a4dx io, 

iodx — a^dx ie + aQd9 ix, (77) 

iffdO — 1 + ajdO ig + agdx ix- 

Using relations (12) we get the system 

a2{a5 - Q') = 0, a5 = Q'{l + as), ai = -1, 
02(07 - Q'ct's) = 0, a2 = Q'as - 1, a2ae = 0. (78) 

Now the use of the relations (11) will give 

Al = Q, ^2 = <5l2, ^ = Q21, ^4 = 0, 

A5 = Qll, A^O, ^7 = 1, ^8 = <522 (79) 

and some additional relations consisting Ak, ak and 
oe = 0. 

To find the remaining parameters ak, this time we assume that the commuta- 
tion relations of the inner derivations with the partial derivatives dx and dg are in 
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the following form 

i^d^ = Bid^i^ + B2dgi0, 
do = Bs do + B^ ig, 

igdx = B^dxio + Bedgic, 
igde = B-jdeie + B^ i^. 

Then using the relations (34) we obtain 

Bi = Q-\ ^2 = 0, 

B3 — Q2i^ Bi = —Q^^Q2iQi2, 

B5 — QiiJ = —Q11Q21Q22, ( 

B7 = 1, ^8 = 0. 

If we demand that the commutation rules of the inner derivations with d 
the form 

ix o d — F d o = dx, 

igod- F' do io^dg, (8 
one has 

F = -Q-\ F'^-F, 

02 = -Q~^Qi2, 04 = 0, 07 = (8 

03 = -Q~^ Q21, 0,5 = Qu, as = Q'~^ Q22- 

Consequently, we have the following commutation relations: 

• the commutation relations of the inner derivations with x and 9 

ixX = Qxix + Qi2 0ig, 
ix6 = Q2iOix, 

igx = QuXig, 
ig9 = Oig + Q22Xio, 
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• the commutation relations between the differentials and the inner derivations 



i^dx = 1 - dxix - Q~^Qi2d9i0, 

icdO = -Q~^Q2id9ic, 

iedx = Q'^Qudxie, (85) 

iede ^ l + Q-^deie + {QQ')-^Q22dxix, 

• the relations of the inner derivations with the partial derivatives dx and do 
ix 9x — Q dx ix ) 

ixde = Q21 deix- (QiiQ2i)~^Qi2 dx ie, 

iedx = Qn dxie - (QuQ2i)~^Q22deix, (86) 
iede = dei^. 

4.2 Lie derivatives 

We know, from the classical differential geometry, that the Lie derivative C can be 
defined as a linear map from the exterior algebra into itself which takes /c-forms 
to fc-forms. For a 0-form, that is, an ordinary function /, the Lie derivative is just 
the contraction of the exterior derivative with the vector field X: 

Cxf = ixdf. (87) 

For a general differential form, the Lie derivative is likewise a contraction, taking 
into account the variation in X: 

LxOL — ixda^ diixCi)- (88) 

The Lie derivative has the following properties. If J-{M) is the algebra of functions 
defined on the manifold M then 

Cx ■ T{M) — > T{M) (89) 

is a derivation on the algebra T{M): 

Cx{af + bg) = aijCxf)+bijCx9), 

Cxifg) = {Cxf)9 + f{Cx9), (90) 
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where a and b real numbers. 

The Lie derivative is a derivation on !F{M) x V(M) where V(M) is the set of 
vector fields on M: 

CxAfX2) = iCxJ)X, + fiCxM. (91) 

The Lie derivative also has an important property when acting on differential 
forms. If a and P are two differential forms on M then 

£x{aAP) = {£xa)A(3+{-lfaA{£xP) (92) 

where a is a fc-form. 

In this section we now wish to find the commutation rules of the Lie derivatives 
with functions, i.e. the elements of the algebra A, their differentials, etc. For 
example, the relation of with x can be obtained, using relations (74) and (77), 
as follows: 

Cx^ = (4 ° d + d o i^) X 

= ixdx + 6{ixx) 

— 1 + ai dx ij + «2 «6) + d{Ai xix + A26 ig) 

= 1 + Aix Cx + AO Ce + {A + ai) dx i, + {A2 + a2) de ie 

= l + Qx/:x + Qi2 0jCe + {Q-l)idxix + Q-^Qi2d9ie). (93) 

Similarly, one has 

£.9 = -Q21^?A: + Q2l(l-g~')d^4, 

Cgx = {ie o d — d o ig) x 

= QuxCe + QiiiQ-^ -l)dxie, (94) 
Cee ^ l-^£e-Q22x£,-g22((gQ')"'-l)d^4 + (<3"'-l)d^ie. 

The following relations can be obtained from (85) 

Cxdx = dxCx + Q'^QudOCe, 

C^dO = -Q-^Q2ideCx, 

Cedx = -Q-^QndxLe, (95) 

Cede = Q-'deCe + iQQT'Q22dxCx. 
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Other commutation relations can be similarly obtained. To complete the de- 
scription of the above scheme, we get below the remaining commutation relations 
as follows: 



• the Lie derivatives and partial derivatives 

•^a; dx dx Cx^ 

^xde = ~QQ2i ^0 + Q{QiiQ2i) ^Qudx^e, 

Cedx = QQn'dxCe-Q{QnQ2i)-'Q22d0C,, (96) 

^ede — —QdgCg. 

• the inner derivations 

icie = -Qii{Qi2 - Q)~^ ieic, 

44 = 0. (97) 

• the Lie derivatives and the inner derivations 

^xie — —QQ21 ^^x-^ Qi2{Q — Qi2)~^ ix ^0-, 
J^eix = -QQii ixJ^e- {Q'Q2\)~^QQ22 ie J^x, 
Ceie = Q-^ieCe. (98) 

• the Lie derivatives 

^x^e — Q2i{Qi2 — Q)^e^x, 

Ll = 0. (99) 

Note that the Lie derivatives can be written as follows: 

= dx + (l- Q~^) d o 4, 
Cg = de-il-Q-^)doie, (100) 
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or in terms of vector fields and coordinates 

= x-^ H -x-^Ox-^V +{l-Q-^)dioi^, 
jCg = x-^V - {l-Q-^)doig. (101) 
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